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Abstract

Fredholm integral equations of the first kind arise naturally in inverse problems where the available measurements
are indirect, smoothed, or contaminated by noise. Because the underlying integral operators are compact, direct
discretization often produces unstable reconstructions unless an appropriate regularization strategy is introduced.
This paper develops a unified regularized multiwavelet-collocation framework for such ill-posed problems and uses
it to compare Linear Legendre multiwavelets, Legendre wavelets, Haar wavelets, B-spline wavelets, and hybrid
wavelet bases under the same computational protocol. The discrete first-kind system is stabilized by Tikhonov-type
regularization, with the regularization parameter selected a posteriori through Morozov’s discrepancy principle. The
resulting methods are tested on benchmark integration problems and one- and two-dimensional Fredholm equations,
with attention not only to approximation error but also to residual behavior, conditioning, noise sensitivity, Morozov-
selected regularization parameters, and computational cost. The results show that basis selection is not merely an
approximation issue: it directly affects the stability and regularization behavior of the inverse recovery. Higher-order
local bases, especially Legendre, B-spline, and Linear Legendre multiwavelet discretizations, are most effective for
smooth reconstructions, whereas Haar-type bases remain useful when simplicity, low cost, or nonsmooth features are
important. The results demonstrate that basis selection should be viewed as part of the regularization strategy itself
rather than solely as an approximation choice. Beyond identifying effective bases for different smoothness regimes, the
study provides practical guidelines for selecting approximation spaces in regularized inverse problems by balancing
accuracy, stability, conditioning, robustness to noise, and computational cost.

Keywords: Fredholm integral equations of the first kind, Ill-posed inverse problems, Tikhonov regularization,
Morozov discrepancy principle, Multiwavelet collocation, Inverse problem stabilization, Conditioning analysis

1. Introduction

Integral equations play an important role in many scientific and engineering problems [1, 2]. In inverse problems,
Fredholm equations of the first kind arise when the measured data are indirect or smoothed observations of an
unknown quantity. Typical examples include computerized tomography [3], image restoration [4], inverse scattering
and electromagnetic imaging [5, 6], and other ill-posed recovery problems described in classical inverse-problem
references [7, 8, 9]. These examples motivate stable discretizations that account explicitly for the smoothing effect of
the integral operator and the presence of data perturbations.

In this paper, we consider the Fredholm integral equation of the first kind of the following generic form:∫ 𝑏

𝑎

K(𝑥, 𝑦) 𝑓 (𝑦)𝑑𝑦 = 𝑔(𝑥), 𝑐 ≤ 𝑥 ≤ 𝑑, (1)
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where the functions 𝑔(𝑥) and K(𝑥, 𝑦) represent the data and the kernel, respectively, and the unknown function
𝑓 (𝑦) is the solution to be determined. Throughout the paper, K denotes the continuous kernel, 𝐾 denotes the induced
operator or a discrete coefficient matrix when the context is algebraic, and 𝛼 denotes the Tikhonov regularization
parameter. Note that Eq. (1) can be expressed as

𝐾 𝑓 = 𝑔, (2)

where the operator

𝐾 𝑓 =

∫ 𝑏

𝑎

K(𝑥, 𝑦) 𝑓 (𝑦)𝑑𝑦

is linear; here the kernel is assumed to be smooth.
According to Hadamard, a problem is well-posed if it has a solution (existence), not more than one solution

(uniqueness), and the solution depends continuously on the data (stability). Problems are called ill-posed if they
are not well-posed, i.e. small changes in the data cause large changes in the unknown function 𝑓 [10]. This loss of
continuous dependence is the main difficulty in first-kind Fredholm equations, and it explains why a direct discretization
of Eq. (1) can be unstable. For a discussion of existence, uniqueness, and stability issues for integral equations and
inverse problems, see [10, 11, 2].

Wavelet and polynomial bases have been used extensively to discretize integral equations. Relevant examples
include Haar and block-pulse bases, Legendre and Chebyshev wavelets, B-spline wavelets, rationalized Haar functions,
hybrid block-pulse–Legendre bases, and operational-matrix formulations [12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. These
references are retained because they are directly connected with the wavelet discretizations and quadrature formulas
used below. In contrast, broad nonlinear solvers such as homotopy, variational-iteration, and decomposition methods
are not emphasized here, since the present paper is focused on regularized wavelet collocation for noisy first-kind
inverse recovery.

Numerical treatment of first-kind integral equations is more delicate than that of second-kind equations because
compact integral operators typically produce ill-conditioned algebraic systems. If the data are perturbed by a noise
level 𝛿, small changes in the observation data may cause large changes in the recovered solution. Thus a feasible
numerical method must combine approximation with regularization and with a reliable strategy for choosing the
regularization parameter. Classical regularization ideas go back to Phillips and Tikhonov [22, 23, 24, 25, 26], and
modern computational treatments are described in foundational references such as [27, 28, 8, 9, 29]. Parameter-
choice rules, including Morozov-type discrepancy principles and related Newton or quasi-Newton procedures, have
been studied in [30, 31, 32, 33, 34, 35, 36, 37, 38, 39]. These older references are kept because they support the
regularization and parameter-selection mechanism used in the paper.

The present work applies a Tikhonov-type regularization strategy to first-kind Fredholm equations and combines it
with several wavelet-collocation discretizations. The regularization transforms the unstable first-kind formulation into
a stabilized algebraic problem whose solution can be computed reliably even when the right-hand side is contaminated
by measurement noise. The regularization parameter is selected using an a posteriori strategy based on Morozov’s
discrepancy principle, implemented through the cubic-convergence procedure of [38, 39].

Recent work confirms that first-kind Fredholm integral equations remain an active area of numerical analysis, partic-
ularly when regularization is combined with collocation, projection, or wavelet-based discretization. Regularization–
wavelet collocation methods have recently been used to stabilize ill-posed first-kind equations [40], while regularized
Legendre-collocation, weakly singular projection methods, and iterated Tikhonov approaches have also been proposed
for this class of problems [41, 42, 43]. Comparative studies of wavelet and orthogonal-polynomial bases further
show that the choice of approximation space can significantly affect accuracy and efficiency [44]. Modern kernel
and Gaussian-process approaches also emphasize conditioning, minimum-norm recovery, and the role of sampling
design in first-kind Fredholm problems [45]. These developments motivate a systematic comparison in which several
compactly supported bases are tested under the same regularized collocation framework.

All these recent studies have advanced several important directions for first-kind Fredholm integral equations,
including regularized wavelet collocation, regularized projection or collocation schemes, and comparative studies of
wavelet and orthogonal-polynomial bases. These contributions establish that both regularization and basis construction
are important. The present work addresses a different and more diagnostic question: when the same ill-posed Fredholm
problem is solved under one fixed Tikhonov–Morozov collocation framework, how does the choice of basis affect the
behavior of the regularized inverse problem itself?
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This distinction is important because, for first-kind equations, a basis is not only an approximation device. Once
noisy data and regularization are introduced, the basis also influences the spectrum of the discrete operator, the
conditioning of the normal equations, the residual level enforced by the discrepancy principle, the selected value of
the regularization parameter, and the cost of the resulting computation. Thus two bases that appear comparable in
a noise-free error table may behave quite differently when the data are perturbed and the inverse problem must be
stabilized.

The main contribution of this paper is therefore a unified and reproducible diagnostic comparison of Linear
Legendre multiwavelets, Legendre wavelets, Haar wavelets, B-spline wavelets, and hybrid wavelets for ill-posed
Fredholm integral equations of the first kind. All bases are tested under the same discretization, regularization,
parameter-selection, and error-measurement protocol. The comparison goes beyond approximation error by reporting
the solution error 𝐸sol, residual error 𝐸res, Morozov-selected parameter 𝛼(𝛿), conditioning of the discrete operator
𝜅(𝐴𝑁 ), conditioning of the regularized normal equations 𝜅(𝐴𝑇

𝑁
𝐴𝑁 + 𝛼𝐼), L-curve behavior, noise robustness, and

computational cost. The novelty is not the isolated use of wavelets or Tikhonov regularization; rather, it is the
demonstration that basis selection materially changes the stabilization behavior of noisy and ill-conditioned first-
kind Fredholm discretizations. This provides practical guidance on which basis is preferable for smooth recovery,
nonsmooth recovery, or low-cost computation.

To the best of the author’s knowledge, no previous study has reported a systematic comparison of Linear Legendre
multiwavelets, Legendre wavelets, Haar wavelets, B-spline wavelets, and hybrid wavelets under a common Tikhonov–
Morozov regularization framework while simultaneously examining conditioning, discrepancy-selected regularization
parameters, residual behavior, noise robustness, and computational cost. This unified diagnostic perspective constitutes
the principal contribution of the present work.

The practical significance of this study is that inverse problems are rarely solved in the absence of measurement
uncertainty. In such situations, the approximation basis and the regularization strategy cannot be viewed as independent
design choices. The numerical results demonstrate that basis selection directly affects conditioning, regularization
strength, noise propagation, and computational cost. Consequently, the choice of approximation space becomes part
of the stabilization strategy itself. This observation provides a more informative criterion for basis selection than
approximation accuracy alone.

This article is organized as follows. Section 2 introduces the multiwavelet systems used in the discretization. Sec-
tion 3 describes the corresponding quadrature and numerical integration formulas. Section 4 presents the regularized
collocation formulation and the Tikhonov–Morozov parameter-selection procedure. Section 5 reports the numerical
examples, including integration tests, Fredholm benchmark problems, and noise-sensitivity diagnostics. Section 6
summarizes the conclusions.

2. Multiwavelet systems

For completeness, this section briefly summarizes the wavelet notation used in the collocation discretization. The
purpose is not to reproduce the full theory of multiresolution analysis, but to fix the scaling, translation, support, and
coefficient conventions needed later. Detailed theoretical developments can be found in the standard wavelet references
cited below.

A wavelet basis is generated from a scaling function 𝜙 and a mother wavelet 𝜓 by dyadic dilation and translation.
The scaling function satisfies a two-scale relation of the form

𝜙(𝑥) =
∑︁
𝑘

𝑝𝑘𝜙(2𝑥 − 𝑘),

where the sequence {𝑝𝑘} is finite for the compactly supported bases considered here. The associated finite-dimensional
approximation spaces are generated by translated and dilated functions of the form

𝜙𝑚𝑗,𝑘 (𝑥) = 𝜙
𝑚 (2 𝑗𝑥 − 𝑘), 𝜓𝑚

𝑗,𝑘 (𝑥) = 𝜓
𝑚 (2 𝑗𝑥 − 𝑘),

where 𝑗 denotes the resolution level, 𝑘 the translation index, and 𝑚 the local polynomial or multiwavelet component.
The construction is based on a nested sequence of approximation spaces

· · · ⊂ 𝑉−1 ⊂ 𝑉0 ⊂ 𝑉1 ⊂ · · · ,
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with complementary detail spaces 𝑊 𝑗 satisfying 𝑉 𝑗+1 = 𝑉 𝑗 ⊕ 𝑊 𝑗 . Thus functions are approximated by finite sums
of scaling and wavelet components. In the present work, this general framework is specialized to Linear Legendre
multiwavelets, Legendre wavelets, Haar wavelets, hybrid wavelets, and B-spline wavelets. These bases are then used
to approximate the unknown function, the right-hand side, and the kernel in the regularized collocation discretization
of the first-kind Fredholm equation.

3. Numerical integration

3.1. Linear Legendre Multi-Wavelets (LLMW)
In this subsection we consider the problem of integral approximation by the Linear Legendre Multi Wavelets

(LLMW). These wavelets consist of a family of functions constructed from dilation and translation of a single function
called the mother wavelet. Here we start by introducing the linear Legendre mother wavelet functions 𝜓0 (𝑥), and
𝜓1 (𝑥), which are given by :

𝝍0(𝒙) =

{
−
√

3(4𝑥 − 1) [0, 1
2 ),√

3(4𝑥 − 3) [ 1
2 , 1),

𝝍1(𝒙) =

{
6𝑥 − 1 [0, 1

2 ),
6𝑥 − 5 [ 1

2 , 1),

and by performing translations and dilations of the mother functions, the linear Legendre multiwavelets are generated
as follows :

𝝍 𝒋
𝒌𝒏

(𝒙) =

{
2 𝑘

2 𝜓 𝑗 (2𝑘𝑥 − 𝑛), 𝑛

2𝑘 ≤ 𝑥 < 𝑛+1
2𝑘 ,

0 otherwise,

where 𝑛 = 0, 1, . . . , 2𝑘 − 1, 𝑘 ∈ 𝑍+, and 𝑗 = 0, 1. The family {𝝍 𝒋
𝒌𝒏

(𝒙)} forms an orthonormal basis for 𝐿2 (IR).
We shall continue further the description of LLMW properties with introducing the scaling functions (𝜙0 (𝑥),𝜙1 (𝑥))
as follows:

𝜙0 (𝑥) = 1, 𝜙1 (𝑥) =
√

3(2𝑥 − 1), 0 ≤ 𝑥 < 1.

A function 𝑓 (𝑥) defined over the interval [0, 1) can be approximated using the LLMW method as follows:

𝑓𝑀 (𝑥) ≈ 𝑐0𝜙0 (𝑥) + 𝑐1𝜙1 (𝑥) +
𝑀∑︁
𝑘=0

1∑︁
𝑗=0

2𝑘−1∑︁
𝑛=0

𝑐
𝑗

𝑘𝑛
𝜓

𝑗

𝑘𝑛
(𝑥) = 𝐶𝑇Ψ(𝑥),

where 𝑀 is the dilation for the LLMW and 𝑐 𝑗
𝑘𝑛

=< 𝑓 (𝑥), 𝜓 𝑗

𝑘𝑛
(𝑥) >, in which < ., . > denotes the inner product. 𝐶

and 𝜓(𝑥) are given by:

𝐶 = [𝑐0, 𝑐1, 𝑐
0
00, ..., 𝑐

0
𝑀0, 𝑐

0
𝑀1, ..., 𝑐

0
𝑀 (2𝑀−1) , ..., 𝑐

1
𝑀0, 𝑐

1
𝑀1, ..., 𝑐

1
𝑀 (2𝑀−1) ]

𝑇 ,

Ψ = [𝜓0, 𝜓1, 𝜓
0
00, ..., 𝜓

0
𝑀0, 𝜓

0
𝑀1, ..., 𝜓

0
𝑀 (2𝑀−1) , ..., 𝜓

1
𝑀0, 𝜓

1
𝑀1, ..., 𝜓

1
𝑀 (2𝑀−1) ]

𝑇 .

Similarly, using Linear Legendre Multiwavelet functions we can approximate the function 𝑓 (𝑥, 𝑦) as:

𝑓 (𝑥, 𝑦) ≈ Ψ𝑇 (𝑥)𝐾Ψ(𝑦),

where

𝐾 =

©­­­­­«
𝑐0𝑐0 𝑐0𝑐1 · · · 𝑐0𝑐

1
𝑀 (2𝑀−1)

𝑐1𝑐0 𝑐1𝑐1 · · · 𝑐1𝑐
1
𝑀 (2𝑀−1)

...
...

. . .
...

𝑐1
𝑀 (2𝑀−1)𝑐0 𝑐1

𝑀 (2𝑀−1)𝑐1 · · · 𝑐1
𝑀 (2𝑀−1)𝑐

1
𝑀 (2𝑀−1)

ª®®®®®¬
.

The Linear Legendre multiwavelet quadrature procedure is used below to approximate single, double, triple, and
improper integrals, and later as part of the Fredholm collocation discretization.
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In one-dimensional space, the integral of a function 𝑓 (𝑥) ∈ 𝐿2 (IR) defined over an interval [𝑎, 𝑏] can be
approximated using the Linear Legendre Multi-Wavelet method as follows :∫ 𝑏

𝑎

𝑓 (𝑥)𝑑𝑥 ≈ 1
2𝑘 − 1

2𝑘+2−1∑︁
𝑖=0

𝑓 (𝑥𝑖) =
(𝑏 − 𝑎)
2𝑘+2

2𝑘+2−1∑︁
𝑖=0

𝑓 (𝑎 + (𝑏 − 𝑎) 𝑖 + 0.5
2𝑘+2 )

This formula can be extended to double integral for a function 𝑓 (𝑥, 𝑦) defined over an interval [𝑎, 𝑏] × [𝑐, 𝑑], as
follows: ∫ 𝑑

𝑐

∫ 𝑏

𝑎

𝑓 (𝑥, 𝑦)𝑑𝑥𝑑𝑦 ≈ (𝑑 − 𝑐) (𝑏 − 𝑎)
22𝑘+4

2𝑘+2−1∑︁
𝑖=0

2𝑘+2−1∑︁
𝑗=0

𝑓 (𝑥𝑖 , 𝑦 𝑗 ),

where,

𝑥𝑖 = 𝑎 + (𝑏 − 𝑎) 𝑖 + 0.5
2𝑘+2 , 𝑖 = 0, 1..2𝑘+2 − 1

𝑦 𝑗 = 𝑐 + (𝑑 − 𝑐) 𝑗 + 0.5
2𝑘+2 , 𝑗 = 0, 1..2𝑘+2 − 1.

Similarly, the triple integral of a function 𝑓 (𝑥, 𝑦, 𝑧), defined over [𝑎, 𝑏] × [𝑐, 𝑑] × [𝑒, 𝑓 ], can be approximated as:∫ 𝑓

𝑒

∫ 𝑑

𝑐

∫ 𝑏

𝑎

𝑓 (𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦𝑑𝑧 ≈ ( 𝑓 − 𝑒) (𝑑 − 𝑐) (𝑏 − 𝑎)
23𝑘+4

2𝑘+2−1∑︁
𝑖=0

2𝑘+2∑︁
𝑗=0

2𝑘+2−1∑︁
𝑙=0

𝑓 (𝑥𝑖 , 𝑦 𝑗 , 𝑧𝑙),

where,

𝑥𝑖 = 𝑎 + (𝑏 − 𝑎) 𝑖 + 0.5
2𝑘+2 , 𝑖 = 0, 1..2𝑘+2 − 1,

𝑦 𝑗 = 𝑐 + (𝑑 − 𝑐) 𝑗 + 0.5
2𝑘+2 , 𝑗 = 0, 1..2𝑘+2 − 1,

𝑧𝑙 = 𝑒 + ( 𝑓 − 𝑒) 𝑙 + 0.5
2𝑘+2 , 𝑙 = 0, 1..2𝑘+2 − 1.

3.2. Legendre Wavelets
Legendre wavelets constitute a family of functions constructed from dilation and translation of a single function

called mother wavelet. For any positive integer 𝑘 , the one-dimensional Legendre wavelets are defined on the interval
[0, 1) as follows:

𝝍𝒏𝒎 (𝒕) =

{ √︃
𝑚 + 1

22 𝑘
2 𝐿𝑚 (2𝑘 𝑡 − 2𝑛 + 1), 𝑡 ∈ [ 𝑛−1

2𝑘−1 ,
𝑛

2𝑘−1 ),
0, otherwise,

(3)

where 𝑛 = 1, 2.., 2𝑘−1 and 𝑚 = 0, 1..𝑀 − 1. Here, 𝐿𝑚 (𝑡) are the Legendre polynomials of order 𝑚, which can be
defined as follows:

𝐿0 (𝑡) = 1, 𝐿1 (𝑡) = 𝑡, (4)

𝐿𝑚+1 (𝑡) =
2𝑚 + 1
𝑚 + 1

𝑡𝐿𝑚 (𝑡) −
𝑚

𝑚 + 1
𝐿𝑚−1 (𝑡), 𝑚 = 1, 2, 3... (5)

The set of {𝐿𝑚} in the Hilbert space 𝐿2 [−1, 1] is a complete orthogonal set. Orthogonality of Legendre Polynomials
on the interval [−1, 1] implies that

< 𝐿𝑚 (𝑡), 𝐿𝑝 (𝑡) >=
∫ 1

−1
𝐿𝑚 (𝑡)𝐿𝑝 (𝑡)𝑑𝑡 =

{ 2
2𝑚+1 , 𝑚 = 𝑝,

0, 𝑚 ≠ 𝑝,
(6)
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for 𝑚, 𝑝 = 0, 1, 2, .....
Furthermore, the set of wavelets 𝜓𝑛𝑚 makes an orthonormal basis in 𝐿2 [0, 1], that is∫ 1

0
𝜓𝑛𝑚 (𝑡)𝜓𝑘𝑙𝑑𝑡 = 𝛿𝑛𝑘𝛿𝑚𝑙 , (7)

in which 𝛿 denotes the Kronecker delta function.
A function 𝑓 (𝑡) in 𝐿2 [0; 1) can be approximated in terms of Legendre wavelets as follows:

𝑓 (𝑡) ≈
2𝑘−1∑︁
𝑛=1

𝑀−1∑︁
𝑚=0

𝑐𝑛𝑚𝜓𝑛𝑚 (𝑡) = 𝐶𝑇Ψ(𝑡) (8)

in which 𝐶 and Ψ(𝑡) are 2𝑘−1𝑀 of the form

𝐶 = [𝑐10, 𝑐11, ..., 𝑐1(𝑀−1) , 𝑐20, .., 𝑐2(𝑀−1) , ....., 𝑐2𝑘−10, .., 𝑐2𝑘−1 (𝑀−1) ]𝑇 , (9)

and
Ψ(𝑡) = [𝜓10 (𝑡), ..., 𝜓1(𝑀−1) (𝑡), 𝜓20 (𝑡), ..., 𝜓2(𝑀−1) (𝑡), ..., 𝜓2𝑘−10 (𝑡), ..., 𝜓2𝑘−1 (𝑀−1) (𝑡)]𝑇 . (10)

The wavelet coefficients, 𝑐𝑛𝑚, are determined by:

𝑐𝑛𝑚 =< 𝑓 (𝑡),Ψ𝑚𝑛 (𝑡) >, for 𝑛 = 1, 2, .., 2𝑘−1, 𝑚 = 0, 1, 2, 𝑀 − 1. (11)

Similarly, the function K(𝑥, 𝑦) ∈ 𝐿2 ( [0, 1) × [0; 1)) can be approximated as:

K(𝑥, 𝑦) ≈
2𝑘−1∑︁
𝑖=1

𝑀−1∑︁
𝑗=0

2𝑘−1∑︁
𝑘=1

𝑀−1∑︁
𝑙=0

𝜓𝑖 𝑗 (𝑥)𝑐𝑖 𝑗𝑘𝑙𝜓𝑘𝑙 (𝑦) = Ψ𝑇 (𝑥)𝐾Ψ(𝑦), (12)

where 𝐾 is a 2𝑘−1𝑀 × 2𝑘−1𝑀 matrix which satisfies:

𝐾𝑖 𝑗 =< 𝜓𝑖 (𝑥), < K(𝑥, 𝑦), 𝜓 𝑗 (𝑦) >>, 𝑖, 𝑗 = 1, 2, ..., 2𝑘−1𝑀. (13)

3.3. Haar-Wavelets
Used in various numerical approximations problems such as integral equations, partial differential equations

and ordinary differential equations, Haar wavelet method is a powerful numerical tool, characterized by a simple
orthonormal wavelets basis and a compact support. The scaling function ℎ1 (𝑥) for the Haar wavelets defined over a
sub-interval [𝑎, 𝑏) is given by:

𝒉1(𝒙) =

{
1 for x ∈ [𝑎, 𝑏)
0 elsewhere

The mother wavelet function ℎ2 (𝑥), which is also defined over an interval [𝑎, 𝑏) is denoted by:

𝒉2(𝒙) =


1 for x ∈ [𝑎, 𝑎+𝑏2 )
−1 for x ∈ [ 𝑎+𝑏2 , 𝑏)
0 elsewhere.

The Haar wavelets family {ℎ𝑖 (𝑥)}, for 𝑖 = 3, 4, .., 2𝑀 , is generated by translations and dilations of the mother
function as follows:

For 𝑖 = 3, 4, .., 2𝑀 we have 𝒉𝒊 (𝒙) =


1 x ∈ [𝛼, 𝛽)
−1 x ∈ [𝛽, 𝛾)
0 elsewhere,

where 𝛼 = 𝑎 + 𝑘 (𝑏 − 𝑎)/𝑚, 𝛽 = 𝑎 + (𝑏 − 𝑎) (2𝑘 + 1)/2𝑚 and 𝛾 = 𝑎 + (𝑘 + 1) (𝑏 − 𝑎)/𝑚.
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The integer 𝑚 = 2 𝑗 , where 𝑗 = 0, 1..2𝑀 and integer 𝑘 = 0, 1.., 𝑚 − 1. The integer 𝑗 indicates the level of the
wavelet and 𝑘 is the translation parameter. The maximum level of the resolution is the integer 𝐽. The relation between
𝑖, 𝑚 and 𝑘 is given by 𝑖 = 𝑚 + 𝑘 + 1.

Any function f(x) which is square integrable in the interval [𝑎, 𝑏) can be represented as an infinite sum of Haar
wavelets, as follows:

𝑓 (𝑥) =
∞∑︁
𝑖=1

𝛼𝑖ℎ𝑖 (𝑥) = 𝐶𝑇𝐻 (𝑥),

where 𝐻 represents the Haar-wavelet family and 𝐶 is the Haar-wavelet coefficient vector, with components 𝛼𝑖 given
by:

𝛼𝑖 = 2 𝑗 < ℎ𝑖 (𝑥), 𝑓 (𝑥) >,

where < ., . > denotes the inner product and 𝑗 denotes the corresponding level of resolution.
Similarly, using Haar wavelet functions we can approximate the function 𝑓 (𝑥, 𝑦) as:

𝑓 (𝑥, 𝑦) ≈
2𝑀∑︁
𝑖=1

2𝑀∑︁
𝑘=0

ℎ𝑖 (𝑥)𝑐𝑖 𝑗ℎ𝑘 (𝑦) = 𝐻𝑇 (𝑥)𝐶𝐻 (𝑦).

For 𝑖 = 1 and 𝑘 = 2, .., 2𝑀 , the wavelet coefficient 𝑐1𝑘 are computed as follows:

𝑐1𝑘 = 2 𝑗1 < ℎ𝑖 (𝑥), < 𝑓 (𝑥, 𝑦), ℎ𝑘 (𝑦) >> . (14)

For 𝑘 = 1 and 𝑖 = 2, .., 2𝑀 , the wavelet coefficient 𝑐𝑖1 are computed as follows:

𝑐𝑖1 = 2 𝑗2 < ℎ𝑖 (𝑥), < 𝑓 (𝑥, 𝑦), ℎ𝑘 (𝑦) >> . (15)

For 𝑖 = 2, .., 2𝑀 and 𝑘 = 2, .., 2𝑀 , the wavelet coefficients 𝑐𝑖𝑘 are computed as follows:

𝑐𝑖𝑘 = 2 𝑗1+ 𝑗2 < ℎ𝑖 (𝑥), < 𝑓 (𝑥, 𝑦), ℎ𝑘 (𝑦) >> . (16)

The same Haar-wavelet quadrature framework is then used to approximate single, double, and triple improper
integrals. Following the numerical-integration procedure based on Haar and Linear Legendre multiwavelets, we
obtain the following quadrature formula for a function 𝑓 (𝑥) defined on the interval [𝑎, 𝑏]:∫ 𝑏

𝑎

𝑓 (𝑥)𝑑𝑥 ≈ 𝑏 − 𝑎
2𝑀

2𝑀∑︁
𝑘=1

𝑓 (𝑥𝑘) =
(𝑏 − 𝑎)

2𝑀

2𝑀∑︁
𝑘=1

𝑓 (𝑎 + (𝑏 − 𝑎) (𝑘 − 0.5)
2𝑀

).

This formula can be extended to approximate a double integral for a function 𝑓 (𝑥, 𝑦) defined over [𝑎, 𝑏] × [𝑐, 𝑑],
as follows:∫ 𝑑

𝑐

∫ 𝑏

𝑎

𝑓 (𝑥, 𝑦)𝑑𝑥𝑑𝑦 ≈ (𝑏 − 𝑎) (𝑑 − 𝑐)
2𝑀2

2𝑀∑︁
𝑙=1

2𝑀∑︁
𝑘=1

𝑓 (𝑎 + (𝑏 − 𝑎) (𝑘 − 0.5)
2𝑀

, 𝑐 + (𝑑 − 𝑐) (𝑙 − 0.5)
2𝑀

).

Similarly, this formula can be extended to approximate a triple integral for a function 𝑓 (𝑥, 𝑦, 𝑧) defined over
[𝑎, 𝑏] × [𝑐, 𝑑] × [𝑒, 𝑓 ], as follows:∫ 𝑓

𝑒

∫ 𝑑

𝑐

∫ 𝑏

𝑎

𝑓 (𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦𝑑𝑧 ≈ (𝑏 − 𝑎) (𝑑 − 𝑐) ( 𝑓 − 𝑒)
8𝑀3

2𝑀∑︁
𝑖=1

2𝑀∑︁
𝑗=1

2𝑀∑︁
𝑙=1

𝑓 (𝑥𝑖 , 𝑦 𝑗 , 𝑧𝑙).
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3.4. Hybrid-Wavelets
The orthogonal set of Hybrid wavelet functions 𝜓𝑖 𝑗 (𝑥), 𝑖 = 1, .., 𝑛 and 𝑗 = 0, .., 𝑚 − 1 is defined over the interval

[0, 1) as:

𝝍𝒊 𝒋 (𝒙) =

{
𝐿 𝑗 (2𝑛𝑥 − 2𝑖 + 1), for 𝑥 ∈ [ 𝑖−1

𝑛
, 𝑖
𝑛
)

0, otherwise,

where 𝑛 is the order of the block pulse function and 𝑚 is the order of the Legendre polynomials. The Legendre
polynomials, 𝐿𝑘 (𝑥), of order 𝑘 can be calculated recursively as:

𝐿0 (𝑥) = 1, 𝐿1 (𝑥) = 𝑥,

𝐿𝑘+1(𝑥) =
2𝑘 + 1
𝑘 + 1

𝑥𝐿𝑘 (𝑥) −
𝑘

𝑘 + 1
𝐿𝑘−1 (𝑥) 𝑘 = 1, 2, 3...

Any function 𝑓 (𝑥) which is square integrable in the interval [0, 1) can be represented as:

𝑓 (𝑥) =
∞∑︁
𝑖=1

∞∑︁
𝑗=0

𝑐𝑖 𝑗𝜓𝑖 𝑗 𝑖 = 0, 1, ..∞ , 𝑗 = 0, 1, ..∞ 𝑥 ∈ [0, 1).

If the function 𝑓 (𝑥) is piecewise constant or may be approximated by a piecewise constant function, 𝑓 (𝑥) can be
approximated as follows:

𝑓 (𝑥) ≈
𝑛∑︁
𝑖=1

𝑚−1∑︁
𝑗=0

𝑐𝑖 𝑗𝜓𝑖 𝑗 = 𝐶
𝑇Ψ,

where Ψ represents the wavelet family and 𝐶 denotes the wavelet coefficient vector defined by:

𝑐𝑖 𝑗 =
< Ψ𝑖 𝑗 , 𝑓 (𝑥) >
< Ψ𝑖 𝑗 ,Ψ𝑖 𝑗 >

. (17)

A single integration of the function 𝑓 (𝑥) over the interval [0, 1] leads to the following formula:∫ 1

0
𝑓 (𝑥)𝑑𝑥 ≈

∫ 1

0

𝑛∑︁
𝑖=1

𝑚−1∑︁
𝑗=0

𝑐𝑖 𝑗𝜓𝑖 𝑗 .

In order to compute the coefficients 𝑐𝑖 𝑗 of the hybrid functions we consider the nodal points:

𝑥𝑘 =
2𝑘 − 1
2𝑚𝑛

, 𝑘 = 1, 2, ..𝑚𝑛,

where 𝑓 (𝑥𝑘) can be written as:

𝑓 (𝑥𝑘) =
𝑛∑︁
𝑖=1

𝑚−1∑︁
𝑗=0

𝑐𝑖 𝑗𝜓𝑖 𝑗 (𝑥𝑘), 𝑘 = 1, 2, ..𝑚𝑛.

Hence, the approximate value of the single integral, for different values of the of the Legendre polynomials 𝑚, are
given by:

For 𝑚 = 1, ∫ 1

0
𝑓 (𝑥)𝑑𝑥 ≈ 1

𝑛

𝑛∑︁
𝑖=1

𝑓 ( 2𝑖 − 1
2𝑛

).
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For 𝑚 = 2, ∫ 1

0
𝑓 (𝑥)𝑑𝑥 ≈ 1

2𝑛

2𝑛∑︁
𝑖=1

𝑓 ( 2𝑖 − 1
4𝑛

).

For 𝑚 = 3, ∫ 1

0
𝑓 (𝑥)𝑑𝑥 ≈ 1

8𝑛

𝑛∑︁
𝑖=1

3 𝑓 ( 6𝑖 − 5
6𝑛

) + 2 𝑓 ( 6𝑖 − 3
6𝑛

) + 3 𝑓 ( 6𝑖 − 1
6𝑛

).

For 𝑚 = 4, ∫ 1

0
𝑓 (𝑥)𝑑𝑥 ≈ 1

48𝑛

𝑛∑︁
𝑖=1

13 𝑓 ( 8𝑖 − 7
8𝑛

) + 11 𝑓 ( 8𝑖 − 5
8𝑛

) + 11 𝑓 ( 8𝑖 − 3
8𝑛

) + 13 𝑓 ( 8𝑖 − 1
8𝑛

).

For 𝑚 = 5, ∫ 1

0
𝑓 (𝑥)𝑑𝑥 ≈ 1

1152𝑛

𝑛∑︁
𝑖=1

275 𝑓 ( 10𝑖 − 9
10𝑛

) + 100 𝑓 ( 10𝑖 − 7
10𝑛

)+

402 𝑓 ( 10𝑖 − 5
10𝑛

) + 100 𝑓 ( 10𝑖 − 3
10𝑛

) + 275 𝑓 ( 10𝑖 − 1
10𝑛

).

For 𝑚 = 6, ∫ 1

0
𝑓 (𝑥)𝑑𝑥 ≈ 1

1280𝑛

𝑛∑︁
𝑖=1

247 𝑓 ( 12𝑖 − 11
12𝑛

) + 139 𝑓 ( 12𝑖 − 9
12𝑛

)+

254 𝑓 ( 12𝑖 − 7
12𝑛

) + 254 𝑓 ( 12𝑖 − 5
12𝑛

) + 139 𝑓 ( 12𝑖 − 3
12𝑛

) + 247 𝑓 ( 12𝑖 − 1
10𝑛

).

Similarly, using hybrid functions we can approximate the function 𝑓 (𝑥, 𝑦) as:

𝑓 (𝑥, 𝑦) ≈
𝑛∑︁
𝑖=1

𝑚−1∑︁
𝑗=0

𝑛∑︁
𝑘=1

𝑚−1∑︁
𝑙=0

𝑐𝑖 𝑗𝑘𝑙𝜓𝑖 𝑗 (𝑥)𝜓𝑘𝑙 (𝑦) = Ψ𝑇𝐶Ψ,

where the wavelet coefficients 𝑐𝑖 𝑗𝑘𝑙 are given by:

𝑐𝑖 𝑗𝑘𝑙 =
< Ψ𝑖 𝑗 , < 𝑓 (𝑥, 𝑦),Ψ𝑘𝑙 >>

< Ψ𝑖 𝑗 ,Ψ𝑖 𝑗 >< Ψ𝑘𝑙 ,Ψ𝑘𝑙 >
(18)

The double integral approximations are given below for the first few values of 𝑚.

For 𝑚 = 1, ∫ 1

0

∫ 1

0
𝑓 (𝑥, 𝑦)𝑑𝑥𝑑𝑦 ≈ 1

𝑛2

𝑛∑︁
𝑖=1

𝑛∑︁
𝑘=1

𝑓 ( 2𝑖 − 1
2𝑛

,
2𝑘 − 1

2𝑛
).

For 𝑚 = 2, ∫ 1

0

∫ 1

0
𝑓 (𝑥, 𝑦)𝑑𝑥𝑑𝑦 ≈ 1

4𝑛2

2𝑛∑︁
𝑖=1

2𝑛∑︁
𝑘=1

𝑓 ( 2𝑖 − 1
4𝑛

,
2𝑘 − 1

4𝑛
).

For 𝑚 = 3,∫ 1

0

∫ 1

0
𝑓 (𝑥, 𝑦)𝑑𝑥𝑑𝑦 ≈ 1

64𝑛2

𝑛∑︁
𝑖=1

𝑛∑︁
𝑘=1

9 𝑓 ( 6𝑖 − 5
6𝑛

,
6𝑘 − 5

6𝑛
) + 6 𝑓 ( 6𝑖 − 5

6𝑛
,
6𝑖 − 3

6𝑛
) + 9 𝑓 ( 6𝑖 − 5

6𝑛
,
6𝑖 − 1

6𝑛
)

6 𝑓 ( 6𝑖 − 3
6𝑛

,
6𝑘 − 5

6𝑛
) + 4 𝑓 ( 6𝑖 − 3

6𝑛
,
6𝑖 − 3

6𝑛
) + 6 𝑓 ( 6𝑖 − 3

6𝑛
,
6𝑖 − 1

6𝑛
)

9 𝑓 ( 6𝑖 − 1
6𝑛

,
6𝑘 − 5

6𝑛
) + 6 𝑓 ( 6𝑖 − 1

6𝑛
,
6𝑖 − 3

6𝑛
) + 9 𝑓 ( 6𝑖 − 1

6𝑛
,
6𝑖 − 1

6𝑛
).
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4. Numerical method

In this section we suggest an efficient method for solving 1𝐷 and 2𝐷 Fredholm integral equations of the first kind.
The wavelets in the previous section are first used as a basis to reduce the solution of the integral equations to a system
of algebraic equations. Then an algorithm based on the regularization to handle the ill-posed Fredholm equations will
be introduced.

4.1. Solution of Fredholm integral equations of the first kind
We consider the 1𝐷 Fredholm integral equation:∫ 1

0
K(𝑥, 𝑦) 𝑓 (𝑦)𝑑𝑦 = 𝑔(𝑥). (19)

Using the wavelets described in the previous section, we approximate 𝑓 (𝑥), 𝑔(𝑥), and the kernelK(𝑥, 𝑦) as follows:

𝑓 (𝑥) ≈ 𝐶𝑇Ψ(𝑥), (20)

𝑔(𝑥) ≈ 𝐺𝑇Ψ(𝑥), (21)

K(𝑥, 𝑦) ≈ Ψ𝑇 (𝑥)𝐾Ψ(𝑦), (22)

where 𝐶 is the unknown vector associated to the unknown function 𝑓 (𝑥), 𝐺 is a known vector associated with the
data function 𝑔(𝑥) and 𝐾 is the known wavelet coefficient matrix associated with the kernel K(𝑥, 𝑦).

By substituting Eqs. (20)-(22) into Eq. (1), we get:∫ 1

0
Ψ𝑇 (𝑥)𝐾Ψ(𝑦)Ψ𝑇 (𝑦)𝐶𝑑𝑦 = Ψ𝑇 (𝑥)𝐺, (23)

or

Ψ𝑇 (𝑥)𝐾
(∫ 1

0
Ψ(𝑦)Ψ𝑇 (𝑦)𝑑𝑦

)
𝐶 = Ψ𝑇 (𝑥)𝐺. (24)

Let

𝑃 =

∫ 1

0
Ψ(𝑦)Ψ𝑇 (𝑦)𝑑𝑦, (25)

so 𝑃 is a matrix. By substituting Eq.(25) into Eq.(24), we get:

Ψ𝑇 (𝑥)𝐾𝑃𝐶 = Ψ𝑇 (𝑥)𝐺. (26)

Therefore, we have the following linear system of equations:

𝐾𝑃𝐶 = 𝐺, 𝑤𝑖𝑡ℎ 𝐾𝑃 = 𝐾𝑃 (27)

which can be solved for the unknown vector 𝐶.
Note that for the Haar wavelets and the Legendre wavelets, we have 𝑃 = 𝐼 and Eq.(27) is reduced to:

𝐾𝐶 = 𝐺. (28)

For the hybrid wavelets, the integration of the cross product of two wavelet vectors shows that the matrix 𝑃 can be
written as an 𝑚 × 𝑚 diagonal matrix 𝐷 in the form:

𝐷 =
1
𝑛

©­­­­«
1 0 · · · 0
0 1

3 · · · 0
...

...
. . .

...

0 0 · · · 1
2𝑚−1

ª®®®®¬
.
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Therefore, the 1D- Fredholm integral equation of the first kind is reduced to the following linear system of equations:

𝐾𝐷𝐶 = 𝐺, with 𝐾𝐷 = 𝐾𝐷, (29)

which can be solved for the unknown vector 𝐶.
Similarly, if we consider the 2𝐷 Fredholm integral equation:∫ 1

0

∫ 1

0
𝑘 (𝑠, 𝑡, 𝑥, 𝑦) 𝑓 (𝑥, 𝑦)𝑑𝑦 = 𝑔(𝑥, 𝑦), (30)

and we follow the same steps, we will approximate the functions 𝑓 (𝑥, 𝑦), 𝑔(𝑥, 𝑦) and 𝑘 (𝑠, 𝑡, 𝑥, 𝑦) with respect to
the 2𝐷 wavelets as:

𝑓 (𝑥, 𝑦) ≈ Ψ𝑇 (𝑥, 𝑦).𝐶, (31)

𝑔(𝑥, 𝑦) ≈ Ψ𝑇 (𝑥, 𝑦).𝐺, (32)

𝑘 (𝑠, 𝑡, 𝑥, 𝑦) ≈ Ψ𝑇 (𝑠, 𝑡)𝐾Ψ(𝑥, 𝑦). (33)

Therefore, we obtain a similar linear system of equations in the form:

𝐾𝐷̃𝐶 = 𝐺, with 𝐾𝐷̃ = 𝐾𝑃 (34)

which can be solved for the unknown vector 𝐶, with 𝑃 is given by:

𝑃 =

∫ 1

0

∫ 1

0
Ψ(𝑥, 𝑦)Ψ𝑇 (𝑥, 𝑦)𝑑𝑦𝑑𝑥. (35)

Note that for the Haar wavelets and the Legendre wavelets, we have 𝑃 = 𝐼. For the hybrid wavelets, the integration of
the cross product of two wavelet vectors shows that the matrix 𝑃 = 𝐷̃ = 𝐷2.

4.2. The Tikhonov regularization method
Most of the standard numerical procedures used to solve such integral equation or the equivalent linear system

given by Eq.(34) are unstable and pose serious problems since the first-kind Fredholm problem is ill-posed, i.e. when
the data 𝐺 are perturbed by a noise 𝛿, small changes in the observation data can cause arbitrarily large changes in the
results. Thus, some kind of regularization methods such as Tikhonov method are needed to obtain stable solutions
for ill-posed problems. These methods depend strongly on the choice of the regularization parameter. Hence, it is
necessary to consider appropriate strategies for selecting the regularization parameters.

In this subsection, we introduce a special regularization method which is applied to handle the ill-posed Fredholm
problems. This regularization method will produce stable approximations even if the solution 𝑓 does not depend
continuously on the data 𝑔, which means that the inverse of the operator is unbounded, | |𝐾−1 | | = ∞.

The idea of the regularization method is to transform an ill-posed Fredholm integral equation of the first kind∫ 1

0
K(𝑥, 𝑦) 𝑓 (𝑦)𝑑𝑦 = 𝑔(𝑥), (36)

to a nearly well-posed Fredholm integral equation of the second kind

𝑓𝛼 (𝑥) =
𝑔(𝑥)
𝛼

− 1
𝛼

∫ 1

0
K(𝑥, 𝑦) 𝑓𝛼 (𝑦)𝑑𝑦, (37)

where 𝛼 is a small positive parameter called the regularization parameter. Moreover, it was proved by Tikhonov et al.
[24, 25, 26, 23], Philips [22] and [46], Groetsch [10] that the solution 𝑓𝛼 (𝑥) of Eq. (37) converges to the solution 𝑓 (𝑥)
of Eq. (36). In other words, it is shown that

𝑓 (𝑥) = lim
𝛼→0+

𝑓𝛼 (𝑥), (38)
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By converting the first kind to a second kind, we can use the existing techniques of the second kind to the
transformed equation.

We want to solve Eq. (36) with noisy data 𝑔𝛿 . A common way to obtain a solution is to determine the best fit in
the sense that we minimize the functional

𝐽 ( 𝑓 ) = | |𝐾 𝑓 − 𝑔𝛿 | |2, (39)

where the operator 𝐾 is given by 𝐾 𝑓 =
∫ 1
0 K(𝑥, 𝑦) 𝑓 (𝑦)𝑑𝑦. But again, this solution does not depend continuously on

the data. To ensure stability, a penalty term is added to this functional. Then we get the Tikhonov functional:

𝐽𝛼 ( 𝑓 ) = | |𝐾 𝑓 − 𝑔𝛿 | |2 + 𝛼 | | 𝑓 | |2, (40)

with a regularization parameter 𝛼.
The Tikhonov functional 𝐽𝛼 ( 𝑓 ) has a unique minimum 𝑓 𝛿𝛼 for all 𝑔𝛿 and 𝛼 > 0. This minimum is also the unique

solution of the normal equation

(𝐾∗𝐾 + 𝛼𝐼) 𝑓 𝛿𝛼 = 𝐾∗𝑔𝛿 , (41)

where 𝐾∗ denotes the adjoint operator of 𝐾 and the operator 𝐾∗𝐾 + 𝛼𝐼 is bounded and invertible, i.e. 𝑓 𝛿𝛼 depends
continuously on 𝑔𝛿 . Note that 𝑓 𝛿𝛼 defined by 𝑓 𝛿𝛼 = (𝐾∗𝐾 + 𝛼𝐼)−1𝐾∗𝑔𝛿 minimizes the Tikhonov functional 𝐽𝛼 ( 𝑓 ).

In order to solve the equivalent linear system given by the matrix form Eq.(27) for the unknown vector 𝐶, we
consider solving an equivalent linear system to Eq. (41), given by

(𝐾𝑇
𝑃𝐾𝑃 + 𝛼𝐼)𝐶 𝛿

𝛼 = 𝐾𝑇
𝑃𝐺

𝛿 , (42)

where 𝐺 𝛿 = 𝐺 + 𝛿𝑟𝑎𝑛𝑑 (𝑠𝑖𝑧𝑒(𝐺)), and 𝐶 𝛿
𝛼 is the regularized form of 𝐶. Finally, the unknown function 𝑓 will be

approximated as
𝑓 (𝑥) ≈ 𝑓 𝛿𝛼 = 𝐶 𝛿

𝛼
𝑇Ψ(𝑥), (43)

In general, if the regularization parameter 𝛼 is chosen to be large, then the error in 𝑔𝛿 will be damped, and if
𝛼 is chosen to be small, then 𝐽𝛼 will be a good approximation of 𝐽 but the error will affect the solution. The well-
known Morozov discrepancy principle has been used for linear ill-posed problems to choose the good regularization
parameter. The principle is devoted to a posteriori choice of the regularization parameter 𝛼(𝛿) > 0 . The idea of the
strategy is to choose the regularization parameter so that the residual | |𝐾 𝑓 𝛿𝛼 − 𝑔𝛿 | | or | |𝐾𝑃𝐶

𝛿
𝛼 − 𝐺 𝛿 | | has the same

error level as the observation data. That is, we require that 𝛼(𝛿) > 0 be determined by the equation

| |𝐾 𝑓 𝛿𝛼 − 𝑔𝛿 | | = 𝛿. (44)

In some applications, the Morozov principle may not be so satisfactory and the optimal convergence of regularized
solutions is not obtained [27, 29]. We therefore consider a more general class of the damped Morozov discrepancy
principle [34, 35, 36] given by

| |𝐾 𝑓 𝛿𝛼 − 𝑔𝛿 | | + 𝛼𝛾 | | 𝑓 𝛿𝛼 | | = 𝛿2, (45)

where 𝛾 ∈ [1,∞]. Obviously, the exact Morozov principle (44) is a special case of the damped case with 𝛾 = ∞.
In this study, this special Tikhonov regularization method is applied to handle the ill-posed Fredholm problems

and the cubic convergence algorithm in [38, 39], based on the Morozov’s discrepancy principle, is incorporated. Like
the Newton method and the quasi-Newton method, this special method is used in our study for most of the posteriori
regularization parameter choice strategies.

4.3. Numerical diagnostics and reproducibility
The goal of the numerical study is not only to compare pointwise errors for noise-free manufactured examples, but

also to evaluate the behavior of each basis when the Fredholm equation is treated as an ill-posed inverse problem. For
this reason, each wavelet discretization is assessed through a common set of stabilization diagnostics. The coefficient
vector is denoted by 𝐶 𝛿

𝛼,𝑁
, where 𝑁 is the number of retained basis functions, 𝛼 is the Tikhonov parameter, and 𝛿 is

the prescribed relative perturbation level in the data. The discrete system is written in the form

𝐴𝑁𝐶 ≃ 𝐺𝑁 ,
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where 𝐴𝑁 is the collocation matrix obtained from the corresponding wavelet basis.
The two primary accuracy measures are the relative reconstruction error and the relative residual,

𝐸sol =
∥ 𝑓 𝛿

𝛼,𝑁
− 𝑓exact∥2

∥ 𝑓exact∥2
, 𝐸res =

∥𝐴𝑁𝐶
𝛿
𝛼,𝑁

− 𝐺 𝛿
𝑁
∥2

∥𝐺 𝛿
𝑁
∥2

. (46)

The reconstruction error measures accuracy of the unknown function, while the residual measures how closely the
regularized solution satisfies the noisy algebraic system. These two quantities need not rank the bases in the same way,
which is why both are reported.

To quantify the stabilizing effect of Tikhonov regularization, we also report

𝜅(𝐴𝑁 ), 𝜅(𝐴𝑇𝑁 𝐴𝑁 + 𝛼𝐼). (47)

The first quantity measures the ill-conditioning inherited from the compact smoothing operator, whereas the second
measures the conditioning of the regularized normal equations actually solved in the computation. This distinction is
central to the novelty of the paper: the basis is not judged only by approximation order, but by how it behaves after
regularization.

When noisy data are used, the perturbed right-hand side is generated at the collocation points by

𝑔𝛿 (𝑥𝑖) = 𝑔(𝑥𝑖) + 𝛿∥𝑔∥∞𝜂𝑖 , −1 ≤ 𝜂𝑖 ≤ 1, (48)

where 𝜂𝑖 are random perturbations. The noise levels considered in the diagnostic experiments are

𝛿 = 10−4, 10−3, 10−2, 5 × 10−2.

The reported computations use the stated basis sizes, noise levels, Gaussian kernel width, Morozov tolerance, and a
fixed random seed for the noisy-data experiments. Unless otherwise stated, the Gaussian-smoothing diagnostics use
the same number of unknowns for all bases, 𝑁 = 32, the same collocation grid, and the same random perturbation at
each noise level. The random seed used to generate the noisy data reported is fixed at 20250818.

The numerical framework developed in this work serves not only as a solver for first-kind Fredholm equations, but
also as a diagnostic environment for studying the interaction between discretization and regularization. All reported
experiments are generated using the same implementation and computational protocol. The basis dimensions, noise
levels, Gaussian kernel widths, Morozov tolerances, quadrature rules, random seeds, and post-processing scripts are
fixed and recorded to ensure reproducibility. This common protocol allows the observed differences among the tested
bases to be attributed to the discretization and stabilization behavior rather than to implementation-dependent choices.

The numerical investigations are designed to address a central question that extends beyond approximation accuracy
alone. For ill-posed first-kind Fredholm equations, the effectiveness of a wavelet basis is governed not only by its
approximation properties, but also by its influence on the stability of the inverse recovery process. In particular,
the study examines how basis selection affects the conditioning of the discrete operator, the conditioning of the
regularized normal equations, the discrepancy-selected regularization parameter, residual reduction, robustness to
data perturbations, and computational cost. The diagnostics reported below therefore provide a unified framework for
understanding the interplay between approximation quality, regularization, conditioning, and noise propagation. This
perspective forms the principal theme of the paper and provides practical guidance for selecting appropriate wavelet
bases in the numerical solution of ill-posed Fredholm inverse problems.

5. Numerical examples

The numerical experiments are designed not only to compare approximation accuracy, but also to investigate how
basis selection affects conditioning, regularization strength, residual behavior, robustness to noise, and computational
efficiency under a common Tikhonov–Morozov framework. We first compare numerical integration formulas based
on Haar wavelets, hybrid functions, and Linear Legendre multiwavelets. We then study one- and two-dimensional
Fredholm benchmark problems and finally report stabilization diagnostics for noisy inverse recovery.
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5.1. Test problems for a comparative study of numerical integration
Example 1: ∫ 1

0
𝑠𝑖𝑛(𝑥2)𝑑𝑥 = 𝑆(1) =

∞∑︁
𝑛=0

(−1)𝑛
(2𝑛 + 1)!(4𝑛 + 3) ,

Example 2: ∫ 5

0

√︁
𝑥2 − 5𝑥 + 31𝑑𝑥 =

99
44

+ 𝑠𝑖𝑛ℎ−1 ( 5
3
√

11
),

Example 3: ∫ 1

0

𝑒
−1
𝑥

𝑥2 𝑑𝑥 = 𝑒
−1,

Example 4: ∫ 𝜋

0

∫ 𝜋

0
𝑠𝑖𝑛(𝑥 + 𝑦)𝑑𝑥𝑑𝑦 = 2,

Example 5: ∫ 1

0

∫ 1

0

1√︁
𝑥2 + 𝑦2

𝑑𝑥𝑑𝑦 = 𝑙𝑛(1 +
√

2) + 𝑡𝑎𝑛ℎ−1 (
√

2
2

),

Example 6:

∫ 2

1

∫ 2

1

∫ 2

1

1
√
𝑥 + 𝑦 + 𝑧 𝑑𝑥𝑑𝑦𝑑𝑧 = 4𝑙𝑜𝑔( 19943936

9765625
) + 𝑙𝑜𝑔(

2500
√︃

5
3

59049
).

5.2. Discussion of integration tests
To illustrate the accuracy of the different methods we reproduced all the numerical results of the six examples

in [20, 47] by applying Haar wavelets and the Hybrid wavelets. The comparative analysis between Haar, hybrid
and LLMW functions in terms of relative error is performed to find numerical approximations of different types of
integrals. As shown in Tables 1–6, the comparison of the numerical results, obtained by LLMW, hybrid functions and
Haar wavelets, showed the advantage of the LLMW method over the Haar wavelet method.

Another important feature we found is that the hybrid function approach is slightly better than the Haar Wavelet
approach for all cases excluding the improper integral cases ( example 3 and example 5 ) due to the effect of singularity.
A better accuracy is achieved as we increase the number of nodes. For example, the relative error for the example 2 is
in the order of 10−7 for a small number of nodes (𝑚 = 3, 𝑛 = 5); and it is in the order of 10−14 for a larger number of
nodes (𝑚 = 6, 𝑛 = 20), which clearly indicates the efficiency and the superiority of this hybrid approach.

It is also noted that LLMW functions have slightly more accurate results than the Haar wavelet functions as shown
in Tables 1–6.

In terms of CPU performance, the CPU time is computed for different values of dilation factor k in the cases of
the Haar wavelets and LLMW functions and for different values of m in the case of the hybrid functions. As shown
in Figure 1, the numerical results show that the Haar wavelet approach is 10 times faster than the hybrid method, and
the LLMW method is much faster than the Haar wavelet method. The simple applicability of Haar wavelets and the
fast convergence of LLMW method provide a solid foundation for using these functions in the context of numerical
approximations of integral equations and differential equations. In what follows, we will use these tools to solve a few
examples of ill-posed Fredholm integral equations of the first kind.
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Table 1: Relative errors of example 1

Haar Hybrid LLMW
j=4 1.4771E-04 m=3 n=5 1.0110E-05 k=4 3.54131E-05
j=5 3.5432E-05 m=4 n=8 7.9460E-07 k=5 8.8562E-06
j=6 8.8574E-06 m=5 n=12 3.4471E-11 k=6 2.2122E-06
j=7 2.2143E-06 m=6 n=20 9.6974E-07 k=7 5.5307E-07

Table 2: Relative errors of example 2

Haar Hybrid LLMW
j=4 3,5293E-05 m=3 n=5 3.6467E-07 k=4 8,8228E-06
j=5 8.8229E-06 m=4 n=8 2.8648E-08 k=5 2.2063E-06
j=6 2.2057E-06 m=5 n=12 1.3262E-12 k=6 5.5321E-07
j=7 5.5143E-06 m=6 n=20 3.7148E-14 k=7 1.3946E-07

Table 3: Relative errors of example 3

Haar Hybrid LLMW
j=4 4.0642E-05 m=3 n=5 2.9376E-04 k=4 1.0172E-05
j=5 1.0173E-05 m=4 n=8 6.6406E-05 k=5 2.5427E-06
j=6 2.5431E-06 m=4 n=8 1.8220E-06 k=6 6.3526E-07
j=7 6.3578E-07 m=6 n=20 3.7947E-08 k=7 1.5602E-07

Table 4: Relative errors of example 4

Haar Hybrid LLMW
j=4 5.0215E-05 m=3 n=5 5.3261E-07 k=4 1.2550E-04
j=5 1.2551E-05 m=4 n=8 3.4122E-08 k=5 3.1356E-05
j=6 3.1375E-05 m=4 n=8 2.4702E-13 k=6 7.8390E-06
j=7 7.8437E-06 - - k=7 1.92752E-06

Table 5: Relative errors of example 5

Haar Hybrid LLMW
j=4 7.1275E-03 m=3 n=5 8.98636E-03 k=4 3.5718E-03
j=5 3.5719E-03 m=4 n=8 4.6532E-03 k=5 1,7780E-03
j=6 1.7880E-03 m=4 n=8 1.8550E-03 k=6 8,9449E-04
j=7 8.9450E-04 - - k=7 4.4740E-04
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Table 6: Relative errors of example 6

Haar LLMW
j=4 1.2863E-05 k=4 3.2103E-06
j=5 3.2159E-06 k=5 1.7970E-07
j=6 8.0398E-07 k=6 1.9506E-07

Figure 1: CPU time comparison of different wavelet methods
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5.3. Fredholm integral equations of the first kind
In this section numerical results are presented to illustrate the efficiency and accuracy of the numerical methods

that were described in the previous section. We consider the following Fredholm integral equations:

Problem 1

∫ 1

0
sin(𝑠𝑡) 𝑓 (𝑠)𝑑𝑠 = sin(𝑡) − 𝑡 cos(𝑡)

𝑡2
. (49)

with the exact solution 𝑓 (𝑡) = 𝑡.

Problem 2

∫ 1

0
𝑒𝑠

2𝑡 𝑓 (𝑡)𝑑𝑡 = 𝑔(𝑠) = 𝑒𝑠
2+1 − 1
𝑠2 + 1

(50)

with the exact solution 𝑓 (𝑡) = 𝑒𝑡 .

5.4. Discussion of Fredholm benchmark problems
We used the Linear Legendre Multiwavelet approach and the Tikhonov regularization and applied the cubic

discrepancy principle, which were discussed in Section 4, to solve the ill-posed integral Fredholm equations of the
problems 1 − 3.

The numerical solution of the integral equation for the two problems is obtained and excellent agreement with the
analytical solution is shown.

In Table 7 the absolute errors of the proposed numerical method for problem 1 are compared with the numerical
results obtained by the Legendre wavelet method in [18] for 𝑀 = 1 and with the Chebyshev wavelet method in [17]
for 𝑀 = 2, 𝑘 = 2. Furthermore, another comparison between the absolute errors of our method for problem 2 with the
Legendre wavelets method [18] for 𝑀 = 1 is given in Table 8. This also demonstrates the superiority of the proposed
method for the solution of the problems 1 and 2.

Table 7: Absolute errors for Problem 1

t Present Method Method in [18] Present Method Present Method Method in [17]
with M=1 with M=1 with M=2, k=2 with M=3, k=2 with M=2, k=2

0.1 8.4554E-06 3.5427E-05 1.93E-07 5.37E-11 5.32E-05
0.2 1.5395 E-05 1.1933E-05 9.22E-08 1.81 E-11 1.37E-04
0.3 9.5703E-06 2.3777E-05 8.48E-09 3.61E-11 2.21E-04
0.4 5.9440 E-07 1.0392E-07 1.09E-07 1.57E-13 3.04E-04
0.5 1.9835E-06 1.1210E-05 5.23E-08 1.70E-11 5.98E-04
0.6 8.7416E-07 5.3623E-06 3.85E-08 8.14E-12 3.80E-04
0.7 2.3518E-07 1.4280E-06 2.47E-08 2.16E-12 5.51E-04
0.8 4.4564E-08 5.9249E-07 1.06E-08 8.99E-13 7.21E-04
0.9 1.5619E-08 6.9940E-07 2.82E-09 1.06E-12 8.92E-04
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5.5. Basis-dependent stabilization diagnostics for a Gaussian smoothing problem
The preceding examples confirm that the proposed wavelet discretizations reproduce standard benchmark solutions.

We now add a more targeted experiment whose purpose is to expose the part of the method that is most relevant for ill-
posed inverse recovery: the interaction between basis choice and regularization. We consider the compact smoothing
operator ∫ 1

0
exp

(
− (𝑥 − 𝑦)2

𝜎2

)
𝑓 (𝑦) 𝑑𝑦 = 𝑔(𝑥), 0 ≤ 𝑥 ≤ 1, (51)

with 𝜎 = 0.1. This kernel strongly smooths the unknown function, so the inverse problem is sensitive to perturbations
in 𝑔. The right-hand side is generated by applying the operator to a known exact solution. Two targets are used:

𝑓1 (𝑦) = sin(𝜋𝑦) + 𝑦(1 − 𝑦), 𝑓2 (𝑦) = |𝑦 − 1/2|. (52)

The first target is smooth and favors higher-order local approximation. The second target has a corner and tests whether
the basis remains reliable when the recovered solution has reduced regularity.

All bases are compared at the same algebraic size, 𝑁 = 32, with the same collocation points, the same noise
realizations, and the same discrepancy-based selection of 𝛼. This equal-degree-of-freedom protocol is important
because it separates the effect of the approximation basis from the effect of changing the size of the discrete inverse
problem. The data perturbation model is the one in Eq. (48), and the reported diagnostics are those defined in Eqs. (46)
and (47).

Tables 9–12 summarize the new diagnostic evidence. Table 9 shows how the reconstruction error, residual error,
selected value of 𝛼, and regularized condition number vary with the noise level. Table 10 isolates the stabilization
effect at 𝛿 = 10−3 by comparing 𝜅(𝐴𝑁 ) with 𝜅(𝐴𝑇

𝑁
𝐴𝑁 + 𝛼𝐼). Table 11 reports wall-clock assembly and solve times

for the clean Gaussian benchmark, and Table 12 repeats the diagnostic comparison for the nonsmooth target. Taken
together, these tables are the main additional contribution of this section: they show that basis selection is not a purely
approximation-theoretic question once the equation is noisy and ill-conditioned.

Table 9 shows that increasing the perturbation level generally increases the discrepancy-selected regularization
parameter and the residual error. This behavior is desirable: the method does not use a fixed artificial damping
parameter, but adapts the amount of stabilization to the amount of noise in the data. The table also shows that the
ordering of the bases is not determined by clean-data accuracy alone; the same basis can behave differently as the
noise level changes.

Table 10 gives the clearest evidence that the new diagnostics are measuring stabilization, not only approximation.
The unregularized collocation matrices have condition numbers of order 1016, while the regularized normal equations
are reduced by many orders of magnitude. This explains why a regularization-centered comparison is needed for first-
kind equations: without this stabilization information, a small approximation error may hide a numerically unstable
inverse recovery.

Table 11 adds the computational dimension to the comparison. Since all bases are tested with the same number
of unknowns, the differences in cost are due mainly to basis evaluation, support structure, and assembly complexity.
These timings make the conclusions more useful in practice, because the preferred basis depends on the combined
balance of accuracy, conditioning, robustness, and cost. Figure 2 visualizes the same cost comparison and highlights
that accuracy and time-to-solution do not rank the bases in the same order.

Figure 2 gives a practical interpretation of the cost table. Haar is simple but not always the fastest in this
implementation because matrix assembly depends on the details of basis evaluation and support handling. B-spline
and LLMW bases require more work than Legendre or hybrid bases in the clean Gaussian test, but they may be
preferable when their approximation properties or local smoothness are important. This is why the paper reports cost
together with error and conditioning, instead of reporting accuracy alone.

Table 12 shows that reduced regularity changes the basis ranking. Polynomial-type and spline-type bases are highly
effective for smooth targets, but a nonsmooth point limits the advantage of high local order and makes compact local
behavior more important. This supports the practical conclusion that basis choice should be matched to the expected
smoothness of the unknown function as well as to the noise level.

Figure 3 shows representative reconstructions for the smooth target at 𝛿 = 10−3. The higher-order local bases
capture the smooth profile well, while the low-order Haar approximation remains robust but less smooth. Figure 4
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Table 8: Absolute errors for Problem 2

t Present Method Method in [18]
with M=1 with M=1

0.1 2.098E-04 2.469E-04
0.2 2.229E-04 2.802E-04
0.3 4.640E-04 3.790E-04
0.4 7.721E-04 8.005E-04
0.5 6.144E-03 3.136E-02
0.6 5.760E-04 3.668E-04
0.7 9.013E-04 1.386E-03
0.8 2.060E-04 1.051E-03
0.9 5.423E-04 4.115E-03

Table 9: Noise-sensitivity and stabilization behavior for the Gaussian smoothing Fredholm problem with a smooth exact solution. For each basis
and noise level, the table reports the Morozov-selected parameter 𝛼, the relative solution error, the relative residual error, and the conditioning of
the regularized normal matrix.

Basis 𝛿 𝛼 𝐸sol 𝐸res 𝜅 (𝐴𝑇 𝐴+ 𝛼𝐼 )

Haar 1 × 10−4 1.36 × 10−4 5.12 × 10−2 9.58 × 10−5 3.81 × 104

Haar 1 × 10−3 1.35 × 10−3 5.19 × 10−2 9.64 × 10−4 3.84 × 103

Haar 1 × 10−2 1.53 × 10−2 5.70 × 10−2 9.68 × 10−3 3.40 × 102

Haar 5 × 10−2 7.71 × 10−2 6.06 × 10−2 5.05 × 10−2 6.82 × 101

Hybrid 1 × 10−4 1.36 × 10−4 3.30 × 10−2 8.84 × 10−5 3.81 × 104

Hybrid 1 × 10−3 1.77 × 10−3 3.41 × 10−2 9.82 × 10−4 2.94 × 103

Hybrid 1 × 10−2 1.75 × 10−2 5.02 × 10−2 9.87 × 10−3 2.97 × 102

Hybrid 5 × 10−2 7.71 × 10−2 6.42 × 10−2 4.67 × 10−2 6.82 × 101

Legendre 1 × 10−4 1.36 × 10−4 3.71 × 10−2 1.00 × 10−4 3.81 × 104

Legendre 1 × 10−3 1.54 × 10−3 3.80 × 10−2 1.01 × 10−3 3.36 × 103

Legendre 1 × 10−2 1.34 × 10−2 3.90 × 10−2 9.31 × 10−3 3.89 × 102

Legendre 5 × 10−2 1.01 × 10−1 7.61 × 10−2 4.64 × 10−2 5.24 × 101

B-spline 1 × 10−4 3.15 × 10−7 3.35 × 10−2 8.64 × 10−5 5.64 × 105

B-spline 1 × 10−3 2.36 × 10−5 4.98 × 10−2 9.94 × 10−4 7.52 × 103

B-spline 1 × 10−2 4.00 × 10−4 6.24 × 10−2 9.40 × 10−3 4.44 × 102

B-spline 5 × 10−2 2.31 × 10−3 7.76 × 10−2 4.76 × 10−2 7.77 × 101

LLMW 1 × 10−4 1.36 × 10−4 5.26 × 10−2 9.92 × 10−5 3.81 × 104

LLMW 1 × 10−3 1.77 × 10−3 5.42 × 10−2 9.46 × 10−4 2.94 × 103

LLMW 1 × 10−2 1.75 × 10−2 6.01 × 10−2 9.27 × 10−3 2.97 × 102

LLMW 5 × 10−2 7.71 × 10−2 7.85 × 10−2 4.57 × 10−2 6.82 × 101

Table 10: Conditioning diagnostic at noise level 𝛿 = 10−3. The table compares the ill-conditioned collocation matrix with the corresponding
Tikhonov-regularized normal matrix.

Basis 𝑁 𝜅 (𝐴) 𝛼 𝜅 (𝐴𝑇 𝐴+ 𝛼𝐼 ) 𝐸sol

Haar 32 3.09 × 1016 1.35 × 10−3 3.84 × 103 5.19 × 10−2

Hybrid 32 3.28 × 1016 1.77 × 10−3 2.94 × 103 3.41 × 10−2

Legendre 32 2.09 × 1016 1.54 × 10−3 3.36 × 103 3.80 × 10−2

B-spline 32 1.15 × 1016 2.36 × 10−5 7.52 × 103 4.98 × 10−2

LLMW 32 1.79 × 1016 1.77 × 10−3 2.94 × 103 5.42 × 10−2

Table 11: Computational cost for the clean Gaussian smoothing benchmark. The table reports assembly time, solve time, total time, and the
corresponding solution error.

Basis 𝑁 Assembly Solve Total 𝐸sol

Haar 32 3.499 × 100 1.694 × 10−4 3.499 × 100 4.98 × 10−2

Hybrid 32 6.838 × 10−1 1.045 × 10−4 6.839 × 10−1 3.18 × 10−2

Legendre 32 5.733 × 10−1 1.613 × 10−4 5.734 × 10−1 3.64 × 10−2

B-spline 32 1.474 × 100 1.137 × 10−4 1.474 × 100 9.59 × 10−3

LLMW 32 1.274 × 100 1.027 × 10−4 1.274 × 100 5.17 × 10−2
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Table 12: Nonsmooth reconstruction test for 𝑓 (𝑦) = |𝑦 − 1/2 | at 𝛿 = 10−3. The table reports error, residual, selected 𝛼, and stabilization behavior.
Basis 𝑁 𝛼 𝐸sol 𝐸res 𝜅 (𝐴𝑇 𝐴+ 𝛼𝐼 )

Haar 32 4.58 × 10−4 5.13 × 10−2 8.17 × 10−4 1.13 × 104

Hybrid 32 6.87 × 10−4 4.59 × 10−2 8.17 × 10−4 7.55 × 103

Legendre 32 4.58 × 10−4 3.84 × 10−2 8.40 × 10−4 1.13 × 104

B-spline 32 1.59 × 10−6 1.32 × 10−1 9.31 × 10−4 1.12 × 105

LLMW 32 5.24 × 10−4 4.91 × 10−2 8.42 × 10−4 9.89 × 103

Figure 2: Computational cost for the Gaussian smoothing diagnostic test. The bars show total wall-clock time for assembly and one regularized
solve at the same basis size 𝑁 = 32; the annotations report the corresponding clean-data solution error. This figure shows that the basis with the
smallest error is not necessarily the least expensive basis.
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repeats the comparison for the nonsmooth target. In this case, the relative ranking changes: the best basis is no longer
determined only by polynomial order, because local behavior near the corner becomes important.

Figure 3: Gaussian smoothing problem with smooth target 𝑓1 (𝑦) = sin(𝜋𝑦) + 𝑦 (1 − 𝑦) at 𝛿 = 10−3. The plot compares the exact function with
reconstructions obtained from the regularized wavelet-collocation systems.

The smooth reconstruction in Figure 3 illustrates the advantage of bases that can represent smooth local variation
efficiently. The differences between the curves should not be interpreted only as interpolation differences; they are
the result of the full stabilized inverse solve. Thus, the figure visually confirms the table-based observation that
approximation order and regularization interact in the final reconstruction.

Figure 4 demonstrates that the nonsmooth target is a more demanding inverse test. The corner at 𝑦 = 1/2 reduces
the benefit of high-order polynomial approximation and makes local support more relevant. This is why the nonsmooth
experiment is included: it prevents the novelty claim from relying only on favorable smooth manufactured examples.

Figure 5 summarizes the solution error as the data noise increases. For small noise, smooth higher-order bases
can exploit the regularity of the target. As the noise level increases, however, the regularization parameter becomes
more influential and the observed error reflects a combined approximation–stabilization effect. This is precisely the
behavior that is missed if bases are compared only on noise-free examples.

The trend in Figure 5 is important because it separates approximation quality from robustness. A basis that
performs well at a very small perturbation need not remain the best as 𝛿 increases. This confirms the central message
of the paper: for first-kind equations, basis quality must be judged after regularization and under data perturbations.

Figure 6 reports the selected value of the regularization parameter. The observed increase of 𝛼with the perturbation
level is consistent with Morozov-type parameter selection: larger data perturbations require stronger stabilization. This
diagnostic confirms that the parameter-selection rule is reacting to the noise level rather than acting as a fixed artificial
damping.

Figure 6 also shows that the basis affects the parameter-selection process. This is expected from the structure of the
discrete inverse problem. Each basis produces a different discrete spectrum, a different distribution of small singular
values, and a different representation of the noise-contaminated data. Since Morozov’s discrepancy principle selects
𝛼 by balancing the residual against the prescribed perturbation level, the selected parameter necessarily reflects both
the noise level and the basis-dependent spectral response of the discretized operator. This observation is central to the
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Figure 4: Gaussian smoothing problem with nonsmooth target 𝑓2 (𝑦) = |𝑦 − 1/2 | at 𝛿 = 10−3. The test illustrates the effect of reduced solution
regularity on the relative performance of the bases.

Figure 5: Relative solution error versus noise level for the Gaussian smoothing benchmark. The comparison uses the same degrees of freedom and
the same discrepancy-based regularization strategy for all bases.
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Figure 6: Discrepancy-selected regularization parameter as a function of the relative noise level. Larger perturbations generally lead to stronger
stabilization.

paper: the basis is not only an approximation device, but also a component of the regularization mechanism.
The conditioning results in Table 10 and Figure 7 show the main stabilization mechanism. The unregularized

matrices are severely ill-conditioned, which is typical for discretizations of compact first-kind operators. The regu-
larized normal matrices are substantially better conditioned. This confirms that the improvement is not merely visual
smoothing: the algebraic inverse problem itself becomes more stable after adding the Tikhonov term.

The conditioning plot in Figure 7 gives a direct algebraic explanation for the stabilizing effect. The large gap
between the unregularized and regularized condition numbers shows that the Tikhonov term changes the numerical
character of the linear system. Consequently, the observed reconstructions should be viewed as regularized inverse
recoveries, not as ordinary collocation approximations.

Figure 8 gives an L-curve diagnostic for the LLMW discretization. The curve displays the trade-off between
residual reduction and solution-norm growth as 𝛼 varies. Very small values of 𝛼 fit the data more aggressively but
amplify unstable components, whereas large values over-regularize. The discrepancy-selected parameter lies in the
transition region, which is the expected behavior for stable recovery from noisy data.

The L-curve in Figure 8 provides an independent consistency check on the selected parameter. The transition
region represents the compromise between fitting noisy data and controlling the norm of the recovered coefficients.
This supports the use of Morozov-selected regularization in the diagnostic comparison and helps justify the chosen 𝛼
values in the tables.

The computational results in Table 11 add a practical basis-selection perspective. Although all bases have the same
number of degrees of freedom, the assembly cost depends on support, smoothness, and evaluation cost. Consequently,
the best basis is not determined solely by the smallest reconstruction error, but by the combined behavior of accuracy,
conditioning, robustness, and cost.

Practical interpretation and synthesis
The numerical evidence indicates that basis selection influences the regularized inverse problem through two

competing mechanisms. Higher-order local bases generally improve approximation quality for smooth solutions and
often produce the smallest reconstruction errors after stabilization. These gains, however, may come with increased
assembly cost and a stronger dependence on the regularization parameter. In contrast, simpler bases such as Haar
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Figure 7: Conditioning before and after regularization for the Gaussian smoothing benchmark at 𝛿 = 10−3. The Tikhonov term strongly reduces
the effective conditioning of the normal equations.

Figure 8: L-curve diagnostic for the LLMW basis in the Gaussian smoothing benchmark. The curve illustrates the trade-off between the residual
norm and the coefficient norm as 𝛼 varies.
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wavelets usually provide less accurate smooth reconstructions, but they retain attractive locality, implementation
simplicity, and computational efficiency. Hybrid constructions occupy an intermediate position, combining local
structure with moderate approximation capability.

Consequently, the effectiveness of a basis cannot be assessed from approximation error alone. For noisy first-
kind Fredholm equations, the relevant performance measure is the combined behavior of approximation power,
conditioning, discrepancy-selected regularization, residual control, noise robustness, and computational cost. This
explains why a basis that is accurate in a clean-data benchmark may not be the most reliable choice once perturbations
and regularization are introduced. The results therefore support the central claim of the paper: basis selection is part
of the stabilization strategy for the inverse problem, not merely a representation choice.

From a practical viewpoint, the computations suggest the following guideline. When the unknown solution is
expected to be smooth and high reconstruction accuracy is required, Legendre, B-spline, and Linear Legendre multi-
wavelet discretizations provide the most favorable balance between approximation quality and regularized recovery.
When computational simplicity, low implementation cost, locality, or reduced regularity are dominant considerations,
Haar and hybrid discretizations remain competitive alternatives. Thus, the preferred basis should be chosen jointly
with the regularization strategy and with the expected smoothness and noise level of the data in mind.

Practical recommendations
The diagnostic results lead to a more precise basis-selection rule than a standard accuracy table. The numerical

evidence suggests that no single basis is uniformly optimal. For smooth solutions and moderate noise levels, Linear
Legendre multiwavelets, Legendre wavelets, and B-spline wavelets generally provide the best accuracy because their
higher-order local structure represents smooth variation efficiently after stabilization. For nonsmooth solutions,
discontinuities, sharp localized features, or computationally inexpensive implementations, Haar and hybrid wavelets
remain attractive alternatives because of their locality, simplicity, and low assembly cost. Therefore, basis selection
should be guided not only by approximation order but also by the expected regularity of the solution, the noise level,
the conditioning behavior of the discrete operator, and the available computational budget.

Table 13: Practical synthesis of the basis-dependent numerical evidence. The qualitative ratings summarize the observed behavior across accuracy,
noise robustness, conditioning, and computational cost under the common regularized collocation protocol.

Basis Accuracy Noise robustness Conditioning Cost Recommended use

LLMW Excellent Excellent Very good Moderate Smooth inverse problems
where stability and reconstruc-
tion accuracy are primary.

Legendre Excellent Very good Very good Moderate Smooth recoveries requiring
high-order local approxima-
tion.

B-spline Excellent Very good Good Moderate Smooth reconstructions with
local regularity and stable ap-
proximation.

Haar Moderate Good Good Very low Nonsmooth targets, exploratory
computations, and simple low-
cost implementations.

Hybrid Good Good Good Low Balanced accuracy–cost perfor-
mance and moderately regular
solutions.

Overall, the Gaussian smoothing experiment supports the main novelty claim of the paper. Recent studies have
shown that wavelet bases can solve first-kind Fredholm equations and that basis choice affects approximation accuracy.
The additional contribution here is to compare several compactly supported bases after the same Tikhonov–Morozov
stabilization and to report the quantities that determine whether the inverse recovery is actually reliable: solution
error, residual error, selected 𝛼, condition-number reduction, L-curve behavior, noise robustness, and computational
cost. In particular, two bases may give similar clean-data errors but very different conditioning, selected regularization
parameters, or sensitivity to perturbations. This diagnostic layer is what distinguishes the present work from a purely
approximation-based wavelet comparison and explains why basis selection for first-kind Fredholm equations must be
treated as a regularized inverse-problem decision.

The observed behavior is consistent with the approximation properties of the underlying bases. Higher-order local
bases such as Linear Legendre multiwavelets, Legendre wavelets, and B-spline wavelets are better able to represent
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smooth solution structures and therefore achieve higher reconstruction accuracy for a fixed discretization level. In
contrast, Haar wavelets possess only piecewise-constant structure and consequently require additional refinement to
resolve smooth features accurately. Nevertheless, their compact support, locality, and extremely low computational
cost make them competitive for nonsmooth targets and large-scale exploratory computations.

An important observation is that basis selection influences not only the accuracy but also the conditioning of the
discrete inverse problem. Bases producing smaller values of 𝜅(𝐴𝑁 ) generally require less aggressive regularization and
lead to more stable reconstructions. Conversely, highly ill-conditioned discretizations may achieve accurate noise-free
approximations while becoming substantially more sensitive to data perturbations. This explains why basis rankings
based solely on deterministic approximation error can differ significantly from those obtained under noisy inverse
recovery.

Although all methods approximate the same continuous compact operator, their finite-dimensional representations
possess different spectral distributions and conditioning properties. Since Tikhonov regularization acts directly on
these discrete systems, the resulting regularized solutions may exhibit substantially different stability, discrepancy
behavior, and noise-propagation characteristics. This explains why the interaction between basis construction and
regularization must be evaluated at the discrete inverse-problem level, rather than inferred only from approximation
order.

The numerical experiments are designed not only to compare approximation accuracy but also to investigate how
basis selection affects conditioning, regularization strength, residual behavior, robustness to measurement noise, and
computational efficiency within a common Tikhonov–Morozov framework.

6. Conclusions

This work has presented a unified regularized multiwavelet-collocation framework for ill-posed Fredholm integral
equations of the first kind. Linear Legendre multiwavelets, Legendre wavelets, Haar wavelets, B-spline wavelets, and
hybrid wavelets were tested under the same collocation, quadrature, Tikhonov regularization, Morozov parameter-
selection, and error-measurement protocol. This common setting makes the comparison reproducible and allows the
observed differences to be attributed to basis-dependent discretization and stabilization effects rather than to unrelated
implementation choices.

The principal conclusion is that the approximation basis affects more than the final reconstruction error. It changes
the conditioning of the discrete operator, the conditioning of the regularized normal equations, the Morozov-selected
value of 𝛼, the residual behavior, the propagation of data perturbations, and the computational cost. Thus, for first-kind
Fredholm equations, basis selection should be treated as part of the regularization strategy rather than as a purely
approximation-theoretic choice.

The numerical evidence gives a clear practical guideline. For smooth unknown functions and high-accuracy
reconstruction, Legendre, B-spline, and Linear Legendre multiwavelet discretizations offer the most favorable balance
between approximation quality and regularized recovery. When implementation simplicity, low computational cost,
locality, or reduced regularity are more important, Haar and hybrid bases remain useful alternatives. The best choice
is therefore problem dependent and should be made by balancing accuracy, conditioning, robustness to noise, residual
control, and computational expense.

The reported computations use the stated basis sizes, noise levels, Gaussian kernel width, Morozov tolerance, and
a fixed random seed for the noisy-data experiments. The manuscript package records the diagnostic code, the noise
levels 10−4, 10−3, 10−2, and 5 × 10−2, the basis size 𝑁 = 32, the random seed 20250818, and the scripts used to
generate the diagnostic tables and figures. This information is included to make the comparison transparent and to
allow future studies to extend the same protocol to other kernels, bases, or parameter-selection rules.

The present study is restricted to compact intervals, smooth kernels, and moderate basis dimensions. Extensions to
adaptive refinement strategies, higher-dimensional inverse problems, nonlinear or weakly singular integral equations,
and non-Gaussian noise models constitute promising directions for future research. Overall, the results demonstrate
that approximation-space selection should be regarded as an integral component of regularization design, rather than
as a purely discretization-related choice, in the numerical solution of ill-posed Fredholm inverse problems.

The present study is restricted to compact intervals, smooth kernels, and moderate basis dimensions. Extensions to
adaptive refinement strategies, higher-dimensional inverse problems, nonlinear integral equations, and non-Gaussian
noise models constitute promising directions for future research.
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